The topological property of boson-fermion mixture in a one-dimensional optical superlattice is studied and the topological insulating phase of interacting boson-fermion mixture characterized by a nontrivial Berry phase is identified. The single-particle and boson-fermion exchanging excitation spectrums are calculated and we identify the boson-fermion exchanging excitation as the gapless topological excitation in the topological phase of the mixture. The different kinds of excitations are explained explicitly from the competition among the bulk gap, the on-site boson-boson and boson-fermion interactions. The Hamiltonian studied has been partly realized in the state-of-art cold atom experiments, and the results are very relevant to the experiments.
I. INTRODUCTION
The discovery of topological insulators has stimulated great interests in the studies of topological quantum phases [1] [2] [3] [4] [5] . Besides two-and three-dimensional ones, one-dimensional (1D) topological phases also attract intense recent studies [6] [7] [8] [9] [10] [11] [12] [13] . 1D systems not only exhibit equally rich topological properties, but also have the advantage of reduced complexity. Moreover 1D topological phases are experimentally relevant to the optical and photonic superlattices, in which many aspects of the topological property have been studied, such as: the localized boundary states, the adiabatic pumping, the measurement of the Berry phase, et.al. [14] [15] [16] [17] [18] [19] [20] .
Besides 1D fermion topological phases, 1D boson topological phases have also been predicted in various models [21] [22] [23] [24] [25] . The studies extend the understanding of topological property to systems with different quantum statistics. Additionally the underlying models, i.e., BoseHubbard models, represent one of the simplest systems realized in ultracold atom experiments [26, 27] , based on which studying the topological property is an important topic currently. Cold atomic systems have also allowed the interesting realizations of boson-fermion mixtures, which rarely occur in nature. They have been the subject of considerable experimental and theoretical works [28, 29] . It is shown that they exhibit rich physical properties, including many exotic quantum phases [30] [31] [32] . Naturally an interesting question rises whether the mixtures can possess nontrivial topological properties.
In the paper, the topological property of boson-fermion mixture in a one-dimensional optical superlattice is studied and the topological insulating phase of boson-fermion mixture characterized by a nontrivial Berry phase is identified. For the hardcore-boson case, the topological mixture insulator isn't affected by the boson-fermion interaction. However for the softcore-boson case, the topological mixture insulator is driven to a trivial one by the on-site boson-fermion interaction. We calculate the single-particle and boson-fermion exchanging excitation spectrums to study the bulk-boundary correspondence.
In the presence of the on-site boson-fermion interactions, the single-particle excitation is gapped. Nevertheless for small boson-fermion interactions the single-particle excitation energies are still in the gap and the excited particle mainly distributes near the boundaries of the system, which are the remnants of the topological property. It is found that the excitation of boson-fermion exchanging is gapless under open boundary condition (OBC) in the topological mixture insulator. Moreover the bulk gap in such excitation spectrum closes at the topological phase transition point. Thus we identify the boson-fermion exchanging excitation as the topological excitation in the topological phase of the mixture. The two kinds of excitations are explained explicitly from the competition among the bulk gap, the on-site boson-boson and bosonfermion interactions. Since the Hamiltonian studied has been partly realized in the state-of-art cold atom experiments, these results are very relevant to the experiments. 
II. MODEL FOR INTERACTING BOSON-FERMION MIXTURE
We consider the 1D Bose-Fermi Hubbard model described by the Hamiltonian,
is the fermionic (bosonic) annihilation and creation operators on the i -th lattice site; the hopping amplitudes t i,i+1 are alternating: t i,i+1 = t 1 (t 2 ) for odd (even) i -th site and are assumed identical for bosons and fermions;n
are the number operators for bosons and fermions, respectively; U, V are the strengths of the on-site boson-boson and boson-fermion interactions. Here t 2 = 1 is set as the energy unit.
In the case of noninteracting pure fermions, the Hamiltonian described by Eq. (1) is Su-Schrieffer-Heeger (SSH) model [33] , which writes as,
In the momentum space, it isĤ SSH (k) = (t 1 + t 2 cos k)σ x + t 2 sin kσ y . The energy spectrum is E(k) = ± (t 2 sin k) 2 + (t 1 + t 2 cos k) 2 . The gap of the system is |t 1 − t 2 |. The Hamiltonian has the chiral symmetry σ zĤSSH (k)σ z = −Ĥ SSH (k), so its topological invariant is a winding number w = −´π −π dk 2πi ∂ k lnDet(V ), where V = t 1 + t 2 e −ik is the upper off-diagonal element ofĤ SSH (k). Direct calculations give w = 1 for t 1 < t 2 while w = 0 for t 1 > t 2 . Alternately since the value of the topological invariant is no more than one, its topological property can also be characterized by the Berry phase, γ =¸A(k)dk, with the Berry connection A(k) = i u k | d dk |u k and u k the occupied Bloch state [34, 35] . The Berry phase γ mod 2π takes two values: π for a topological insulator and 0 for a trivial insulator. For the topological phase, there appear a pair of zero modes under OBC, which distribute near the boundaries (also referred as the boundary states). The appearance of the boundary states corresponds to the nontrivial bulk topological invariant, which is known as the bulk-boundary correspondence. The case of t 1 = 0 is special, when the system breaks into independent dimers (two nearest-neighbor sites connected by a bond with the amplitude t 2 , see Fig.3 ,6 and 7) and it is in the topological phase with largest gap. Under OBC, the dimer across the boundary is broken into two isolated sites, each of which hosts a zero mode.
In the case of pure bosons, it has been well studied and the system is in a topological Bose-Mott insulator phase for sufficiently large U at half filling. In the hardcore limit U = ∞, the system is exactly solvable by mapping the hardcore-bosons to fermions via the Jordan-Wigner transformation [36] . The resulting noninteracting fermionic Hamiltonian is the same as Eq. (1) of pure fermions, except the termb †
nf n , where the hardcore-bosonic op-
i the mapped fermionic operator. Although an additional sign in the hopping across the boundary is induced when the number of hardcore-bosons is even, the topological property is not affected.
In the following, Eq. (1) is studied using the exact diagonalization (ED) method under a complete basis of the form |{n 
III. THE HARDCORE-BOSON CASE
The hardcore limit is firstly studied, when no multiple occupation of bosons is allowed. We focus on a nontrivial optical superlattice with t 1 < t 2 . At V = 0, the fermion and boson subsystems are decoupled and the system is a topological mixture insulator. Since the hardcore-bosons can be mapped to fermions, the Hamiltonian Eq.(1) can be viewed as a fermion model with pseudospin. In the large-V limit, the effective Hamiltonian is the antiferromagnetic Heisenberg model:
,where n i = n i,1 + n i,2 is the total particle number on the i-
is the nearest-neighbor coupling and
is the pseudospin with f i,1 = f i the fermion operator, f i,2 = f i the mapped fermion operator, and σ = (σ x , σ y , σ z ) the Pauli matrices.
To characterize the topological property of the interacting system (V = 0), the Berry phase can be defined using the twisted boundary condition, γ = i¸ ψ θ | d dθ |ψ θ dθ with θ the twisted boundary phase, which takes value from 0 to 2π, and ψ θ the many-body wave function of H(θ) [35, 38] .Ĥ(θ) is the same as the Hamiltonian described by Eq.(1) except the hopping terms across the boundary:
Since there are two chains in a topological mixture insulator, we use γ B(
to characterize the topological property of the mixture, where θ B(F ) is the twisted boundary phase acquired only by the bosons (fermions). The Berry phase γ B(F ) and the energy gap of the bulk system as a function of the interaction V are calculated. The energy gap is ∆ = E 1 − E 0 with E 1 , E 0 the eigenenergies of the first-excited state and the ground state of the system under periodic boundary condition (PBC). As shown in Fig.1 (b) , the Berry phase remains π all the way, while the energy gap decreases continuously and vanishes at V = ∞. The results imply that the topological invariant of the mixture isn't affected by the hardcore boson-fermion interactions. The nontrivial Berry phase characterizing the topological phase usually corresponds to gapless topological excitations. Next we calculate the single-particle excitation and boson-fermion exchanging excitation to study the bulk-boundary correspondence. The single-particle excitation gap is defined by
We firstly calculate the single-particle excitation energy. The chemical potentials of adding a particle to half−1 and half-filling systems under PBC and OBC are shown in Fig.2 (a) (the excited particle may be hardcoreboson or fermion and the results are the same). As long as V is turned on, the single-particle excitation is gapped. However for small V , the chemical potentials are in the bulk gap and the excited particle mainly distributes near the boundaries, implying these excitations are closely related to the boundary states.
The single-particle excitation spectrum in Fig.2 (a) can be understood in the limit case t 1 = 0, when the noninteracting system is deep in the topological phase and the boundary state is totally on the boundary site. We consider the case of hardcore-boson excitations (it is similar for fermion excitations). At half filling and under PBC, each dimer is occupied by one hardcore-boson and one fermion with the energy
(see the Appendix, in which the ground-state energies of different dimers are explicitly calculated). Since the particles behave in a similar way as they do in the SSH model, the nontrivial Berry phase remains. Then we take one hardcore-boson away and the process can happen in any dimer with the excitation energy µ(N ) = E 1 + 1. The process of adding one hardcore-boson to the half-filling system also happens in any dimer and the excitation energy is µ(N + 1) = V − 1 − E 1 .
Next we consider the excitation under OBC and start from a system with L/2 − 1 hardcore-bosons. For V < 3, the ground state under OBC is obtained by cutting off the dimer with only one fermion, generating the configu-ration shown in Fig.3 . However for V > 3, it is energetically favorable that the dimer with one hardcore-boson and one fermion is cut off. The energy difference of the above two processes is: δE = −1 − E 1 , which is negative for V > 3. Then we add one hardcore-boson to the above system and the number of hardcore-bosons becomes L/2. For V < 3, it just occupies the boundary state and the
Although the single-particle excitations become gapped in the presence of the interactions, the excitation of hardcore boson-fermion exchanging is gapless, as shown in Fig.2 (b) . Though "boson-fermion exchanging" can not be performed directly, but it can be effectly realized by the following way: firstly take away a boson (fermion) from the system, and then add a fermion (boson) into the system. The results can also be understood in the limit case t 1 = 0. For the PBC case, the changing can happen in any dimer and the excitation energies are ν 2 = −E 1 , ν 1 = E 1 . For the OBC case and at half filling, the boundary states are occupied by one hardcore-boson and one fermion, respectively. If the changing happens in the bulk, it is gapped. So it must happen via the boundary states, which is gapless and thus is energetically favored. So the hardcore boson-fermion exchanging excitation represents the gapless topological excitation in the topological phase of the mixture. In fact it is very similar to the gapless spinor excitation at the boundary of the 1D topological Mott insulator [13] .
IV. THE SOFTCORE-BOSON CASE

A. The ED results
Next we consider the softcore-boson case and the phase diagram in the (U, V ) plane is shown in Fig.4(a) . The interaction U drives the boson system from a superfluid to a topological Bose-Mott insulator [22, 36, 39, 40] . The phase transition happens at very small strength of the interaction U . Then at V = 0 and sufficiently large U , the system consists of a fermionic topological insulator and a bosonic one, which are independent. So the system is in a topological insulating phase of boson-fermion mixture. The further inclusion of the interaction V drives the topological phase into a trivial one. We perform the calculations at fixed U to show the details. The energy gap and Berry phase as a function of V are calculated and are shown in Fig.4 (b) . A topological phase transition occurs at a critical interaction V c , beyond which the energy gap vanishes and the Berry phase becomes random. To show the topological property, the single-particle excitation energy and the excitation energy of boson-fermion exchanging are calculated. Similar to the hardcore-boson case, the single-particle excitation is gapped in the presence of V , and the chemical potentials are in the bulk gap for small V [see Fig.5 (a) ]. However the excitation gaps of boson-fermion exchanging under OBC are gapless for V < V c , and the topological phase transition is accompanied by a closing of bulk gap in the excitation spectrum [see Fig.5 (b) ]. So the bosonfermion exchanging excitation represents the topological excitation of the topological phase. The results can be understood from the competition among the bulk gap, the on-site boson-boson and boson-fermion interactions in the limit case t 1 = 0. 
B. Analysis from the limit case under PBC
Firstly a mixture with N B = N F = L/2 on a periodic chain is considered. For V < V c , each dimer is occupied by one boson and one fermion, and the energy of each dimer is E 1 [see Fig.6 (b) ]. For V > V c , the phase separation is energetically favored and the ground state is multi-degenerate. The fermions form trivial Mott insulator, while every two bosons occupy a dimer, with the energy
. At the critical point, since every two dimers with one fermion and one boson has the same energy as the two dimers with bosons and fermions separated, we have
(V c 12.9 for U = 6) is consistent with the one determined by the Berry phase and the energy gap shown in Fig.4 (b) . In the topological phase for V < V c , each dimer is occupied by one boson and one fermion and the particles hop just like the noninteracting case. So its topological invariant is the same as that of the noninteracting case and the system is a topological phase of boson-fermion mixture. Then we take one boson away. For V < V c the boson can be taken away from any dimer, resulting in a configuration shown in the upper one of Fig.6 (a) and the chemical potential is µ(N ) = E 1 +1. For V > V c , if the boson is directly taken away from a dimer with two bosons, the resulting dimer with one boson has a energy −1. If a fermion in the dimer with two fermions is further removed to the above dimer with one boson, the energy is lowered to E 1 −1. Thus the resulting configuration [the lower one of Fig.6 (a) ] is the ground state. Next we add one boson to the system at half filling. For small V the boson can be directly added to any dimer, generating a dimer with one fermion and two bosons. The energy of such a dimer is E 3 , so the chemical potential is µ(N + 1) = E 3 − E 1 . At a critical interaction V c1 , the first two configurations shown in Fig.6 (c) have the same energies, i.e. E 3 + E 1 = E 4 with E 4 the energy of the dimer with three bosons, through which V c1 is determined (V c1 6.87 for U = 6). Then for V c1 < V < V c , the second configuration shown in Fig.6 (c) becomes the ground state and the chemical potential is µ(N + 1) = E 4 − 2E 1 . For V > V c the boson can be added to any dimer with two bosons and the excitation energy is E 4 − E 2 . C. Analysis from the limit case under OBC Next we study the ground state and the excitation energy under OBC. The OBC is obtained by cutting off one dimer, but the redistribution of the particles may happen to let the system in the ground state. We start from the case N B = L/2 − 1. For V < U , the situation is the same as the hardcore case [see Fig.7(a) and Fig.3 , in which the upper two figures have the same configura- tions]. For U < V < V c , after cutting off the dimer with one fermion and one boson, the boson on the boundary site moves to one dimer, while the fermion in the dimer moves to the boundary site. The energy cost of such a process is δE = E 2 − E 1 < 0, which is energetically favored. For V > V c , the system is in phase separation except two dimers in which there are two fermions and one boson. The energetically favored configuration is the one with one fermion in one dimer and the other two particles in the other dimer, as shown in Fig.7 (a) . We then add one boson, resulting in a system with N B = L/2. For V < 3, the added boson just occupies the boundary state, which corresponds to the zero-energy excitation in the single-particle excitation spectrum shown in Fig.7 (b). For 3 < V < V c , the added boson occupy the dimer with only one fermion and the chemical potential is µ(N ) = E 1 + 1. For V > V c , the boson is added to the dimer with one fermion and one boson, meanwhile the fermion in the dimer moves to the dimer with one fermion. The chemical potential is µ(N ) = E 2 − E 1 + 1. The chemical potentials of the above two cases are the same as those under PBC, as shown in Fig.5(a) . Finally we further add one boson and the number of bosons becomes N B = L/2 + 1. For small V , the added boson occupies one of the boundary state with the excitation energy V . From a critical interaction V c [42] , the boson begins to occupy the dimer with one fermion and one boson. The excitation energy is µ(N + 1) = E 3 − E 1 , which is the same as the bulk one. For U < V < V c , the boson occupies the dimer with two bosons. The excitation energy is µ(N + 1) = E 4 − E 2 , which is lower compared to the bulk one. For V > V c , the added boson enters one dimer with two bosons and the excitation energy is also µ(N + 1) = E 4 − E 2 , which is the bulk one. The single-particle excitation energy of fermion can be analyzed similarly. Compared to the hardcore case, the softcore bosons can condense and the occupation of the boundary is also determined by additional competitions with on-site boson-boson interaction U . The excitation energy of boson-fermion exchanging at half filling can be analyzed similarly. For the case with PBC, the changing happens in any dimer [see Fig.6(b) ] and the excitation energies (see the definitions in the previous section) are:
holds at V c , the excitation energy has a closing here. Next we consider the cases under OBC. For V < U the changing happens on the boundary, so the excitation energies are zero. For V > U the changing happens in the bulk. The excitation energy in the region U < V < V c are ν 1 = E 1 − E 2 , ν 2 = E 1 − E 2 , which are equal and are the same with one branch under PBC. For V > V c ,
, which are the same with those under PBC. It is notable that for U < V < V c although the excitation gap of boson-fermion exchanging is gapless, the excitation happens in the bulk.
V. CONCLUSIONS
The topological property of boson-fermion mixture in a one-dimensional optical superlattice with alternating hopping amplitudes is studied. The topological insulating phase of boson-fermion mixture is identified, which is characterized by a nontrivial Berry phase. The singleparticle and boson-fermion exchanging excitation spectrums are calculated and the boson-fermion exchanging excitation is identified as the gapless topological excitation of the topological phase of the mixture. The two kinds of excitations are explained explicitly from the competition among the bulk gap, the on-site boson-boson and boson-fermion interactions. The Hamiltonian studied has been partly realized in the state-of-art cold atom experiments and the topological property has been studied. Besides, the recent techniques of controlling optical potential at the single-site level make the studies of the boundary states available [16, 43] . So the results presented here are very possibly studied experimentally in the future. We explicitly calculate the ground-state energy of the dimers with different numbers of particles. The basis we use has the general form |i, j; k, l with i, j(k, l) the fermion (boson) numbers on the two sites of the dimer (if the dimer is occupied by only fermions or bosons, the basis becomes |i, j with i, j the fermion or boson numbers).
For the dimer shown in Fig.8 (a) , the basis is: (|1, 0 , |0, 1 ), under which the Hamiltonian matrix is,
Its ground-state energy is −t 2 . The case with one boson in the dimer is the same. For the dimer shown in Fig.8 (b) , the basis is: (|1, 0; 0, 1 , |0, 1; 1, 0 , |1, 0; 1, 0 , |0, 1; 0, 1 ), under which the Hamiltonian matrix is,
Its ground-state energy is
. For the dimer shown in Fig.8 (c) , the basis is: (|1, 1 ) . The Hamiltonian matrix is 0, so the energy of the dimer is 0. If there is one more boson in the dimer, we use the basis: (|1, 1; 1, 0 , |1, 1; 0, 1 ) and the Hamiltonian matrix writes as,
Its ground-state energy is V − t 2 . For the dimer shown in Fig.8 (d) , the basis is: (|2, 0 , |1, 1 , |0, 2 ) , under which the Hamiltonian matrix is,
. For the dimer shown in Fig.8 (d) , the basis is: (|1, 0; 2, 0 , |1, 0; 1, 1 , |1, 0; 0, 2 , |0, 1; 2, 0 , |0, 1; 1, 1 , |0, 1; 0, 2 ) , under which the Hamiltonian matrix is,
Its eigenvalues generally can not be expressed in simple analytical forms, but can be obtained numerically. Its ground-state energy is denoted as E 3 . For the dimer shown in Fig.8 (f) , the basis is: (|3, 0 , |2, 1 , |1, 2 , |0, 3 ), under which the Hamiltonian matrix is,
Its eigenvalues are 2U ± U 2 + 2U t 1 + 4t 2 1 − t 1 , 2U ± U 2 − 2U t 1 + 4t 2 1 + t 1 and the lowest one corresponding to the ground state is E 4 = 2U − U 2 + 2U t 1 + 4t 2 1 − t 1 .
